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ABSTRACT
This paper deals with rollover and lateral sliding stability of Three Wheeled Vehicles (TWVs) which are
extensively used in Asian countries for public and goods transport. Unlike four wheeled vehicles, TWVs do
not have a differential in their rear axle, and thus these types of vehicles are more susceptible to rollover. It is
therefore, important to describe rollover conditions to prevent such accidents. In this paper, the concept of
Dynamic Stability Factor (DSF) available for four-wheeled vehicles, is extended for TWVs to predict rollover
conditions. Stability boundaries are drawn for the TWVs with respect to various parameters viz., height of the
centre of gravity (CG) from the ground, distance of the CG from the front axle, sprung mass, cornering stiffness
of the tire and steering angle. Further, lateral sliding stability of the TWV is analysed using a non-linear tire
model. A limiting forward velocity of TWVs for various terrain friction values is found by numerical
simulation. The limiting value of terrain friction beyond which rollover occurs is obtained.
1.

INTRODUCTION

Three Wheeled Vehicles (TWVs), with their higher manoeuvrability and low cost, offer an economical and
convenient means of transport and are quite popular in Asian countries. However, a major drawback of such
a vehicle is lack of stability due to absence of differential in its rear axle and high centre of gravity (CG).
The instability in TWVs often leads to severe accidents and fatal injuries. This paper addresses two types
of instabilities - Rollover and Lateral Sliding. Many new technologies, such as air-bags, anti-lock braking
systems, traction control systems, vehicle dynamics control, four-wheel steering, and active suspensions,
have been developed to improve the safety performance of vehicles. However, rollover still remains a
serious problem, which is not yet fully controlled. Lateral sliding instability of a ground vehicle while
cornering a turn is also a serious concern leading to accidents.
Most studies on vehicle rollover have been concerned with Static Stability Factor (SSF) [2] - [4]. Alexander
[5] has proposed a quasi-dynamic stability factor which includes the effect of suspension and tire
compliance. Takano et al [6] employed a three degree-of-freedom model computer simulation to determine
the relationship between the planar and roll motions of a large-size vehicle. Vehicle rollover with a large
steering angle and at a high speed in cornering, has been discussed by Chen and Peng [7]. The concept of
Dynamics Stability Factor (DSF) for four wheeled vehicle, deﬁned and formulated by Jin et al [8], is
modified for TWVs here, using a 3-degree of freedom (DOF) model. Stability boundaries for a TWV, with
respect to various parameters viz., height of the centre of gravity (CG) from the ground, distance of the CG
from the front axle, sprung mass, cornering stiffness of the tire and steering angle, are drawn. Sliding mode
instability of the TWV is further investigated. A non-linear tire model is employed. Lateral sliding is
analysed using Handling Diagrams. The limiting forward velocity for lateral sliding is found. Effect of
terrain friction is also investigated.
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2.

VEHICLE AND TIRE MODELING

A 3-DOF mathematical model for TWVs is developed on the lines of the model used for a four wheeled
vehicle by Jin et al [8]. Consider a vehicle moving with a constant forward speed U and a steering angle δ.
The model has three degrees of freedom - the lateral velocity v, the yaw rate r and the roll motion ϕ (Figure
1). The body coordinate system Oxyz, is ﬁxed at the CG of the vehicle model. The equations of motion in
the lateral, yaw and roll direction can be established as
𝑚𝑎𝑦 − 𝑚𝑠 ℎ𝜙̈ = 𝐹𝑓 cos𝛿 + 2𝐹𝑟
𝐼𝑧 𝑟̇ = 𝑎𝐹𝑓 cos𝛿 − 2𝑏𝐹𝑟
𝐼𝑥 𝜙̈ − 𝑚𝑠 ℎ𝑎𝑦 = 𝑚𝑠 𝑔ℎsin𝜙 − 𝑐𝜙̇ − 𝑘𝜙

(1)
(2)
(3)

where m, ms, Fr, Iz, Ix, c and k are the mass, sprung mass, lateral force on rear tire, mass moment of inertia
about z-axis, mass moment of inertia about x-axis, equivalent roll damping coefficient of the suspension
and equivalent roll stiffness coefficient of the suspension, respectively. The lateral acceleration a is given
by
𝑎𝑦 = 𝑣̇ + 𝑟𝑈

(4)

Figure 1: Top and Rear view of TWV

With a linear tire model the lateral forces acting on tires are given by,
𝐹𝑓 = −𝑘𝑓 𝛽𝑓 ; 𝐹𝑟 = −𝑘𝑟 𝛽𝑟

(5)

where 𝛽𝑓 and 𝛽𝑟 are the slip angles and 𝑘𝑓 and 𝑘𝑟 are the cornering stiffnesses of the front and rear tires
respectively. By using small angle assumption, one can obtain (Figure 2)
𝛽𝑓 =

𝑣+𝑎𝑟
𝑈

− 𝛿 ; 𝛽𝑟 =
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3.

NON-LINEAR TIRE MODEL (PACEJKA MAGIC TIRE MODEL) [10]

The linear tire force model is good approximation when the slip ratio and slip angle are small. For large slip
angles the Magic Formula [10] provides a method to calculate lateral tire force Fy, for a wide range of
operating conditions including large slip angle. It also includes the effect of terrain friction. It is given as
𝐹𝑓 = 𝐷sin{𝐶 tan−1 [𝐵𝛽𝑓 − 𝐸(𝐵𝛽𝑓 − tan−1 (𝐵𝛽𝑓 ))]}
𝐹𝑟 = 𝐷sin{𝐶 tan−1 [𝐵𝛽𝑟 − 𝐸(𝐵𝛽𝑟 − tan−1 (𝐵𝛽𝑟 ))]}

(7)

Figure 2: Top view of front tire.
The parameters used in equation (7), the stiffness factor B, the shape factor D, and the curvature factor E,
are given as follows:
𝐵=

𝑘
𝐶𝐷

𝐶 = 2−

2 −1 𝐿𝑠
sin ( )
𝜋
𝐿𝑚

𝐷 = 𝐿𝑚
π
𝐵𝛼𝑚 − tan(2C)
𝐸=
𝐵𝛼𝑚 − tan−1 (𝐵𝛼𝑚 )
The average peak lateral force (Lm) is 0.8 (=µ) times the normal reaction and the average peak sliding force
(Ls) is 0.75 times the normal reaction. The peak value (αm, Lm) represents the saturation of point of vehicle
lateral force response characteristics and occurs somewhere around 7.5 degrees of slip angle [10]. This
empirical formula is capable of producing characteristics that closely match measured curves for the lateral
force Fy.
3.

DYNAMIC STABILITY FACTOR (DSF) FOR ROLLOVER PREDICTION

Jin et al [8] introduced the Dynamic Stability factor (DSF) for a four wheeled vehicle. In this section a
Dynamic Stability Factor (DSF) for a three wheeled vehicle is formulated using the 3-DOF model, which
will be used for rollover prediction. The steady state solution to the dynamic system is initially found out
and then the condition for rollover is imposed to ﬁnd the limiting value of lateral acceleration.
3.1

Steady State Motion

Substituting equations 4, 5 and 6 in equations 1, 2 and 3, we get the expressions for rate of change of lateral
velocity, yaw rate and roll rate respectively as,
(𝐼𝑥𝑘𝑓 cos𝛿+2𝐼𝑥𝑘𝑟 )
(𝑎𝐼𝑥 𝑘𝑓 cos𝛿−2𝑏𝐼𝑥 𝑘𝑟)
(𝑚𝑠 ℎ𝑘−𝑚𝑠2 ℎ2 𝑔)
𝑚𝑠 ℎ𝑐
(
𝑣̇ =
𝑣
+
−
𝑈)
𝑟
+
𝜙+
𝜙̇ −
2 2
2 2
2 2
2 2
𝑈(𝑚𝑠 ℎ −𝑚𝐼𝑥 )
𝐼𝑥 𝑘𝑓 𝛿cos𝛿

𝑈(𝑚𝑠 ℎ −𝑚𝐼𝑥 )

𝑈(𝑚𝑠 ℎ −𝑚𝐼𝑥 )

𝑈(𝑚𝑠 ℎ −𝑚𝐼𝑥 )

(8)

(𝑚𝑠2 ℎ2 −𝑚𝐼𝑥 )

(−𝑎𝑘𝑓 cos𝛿 − 2𝑏𝑘𝑟 )
(−𝑎2 𝑘𝑓 cos𝛿 + 2𝑏2 𝑘𝑟 )
𝑎𝑘𝑓 𝛿cos𝛿
𝑟̇ =
𝑣+
𝑟+
𝑈𝐼𝑧
𝑈𝐼𝑧
𝐼𝑧

(9)

𝑚𝑠 ℎ(𝑘𝑓 cos𝛿+2𝑘𝑟)
𝑚𝑠 ℎ(𝑎𝑘𝑓 cos𝛿−2𝑏𝑘𝑟 )
𝑚(𝑘−𝑚𝑠 𝑔ℎ)
𝑐𝑚
̇ − 𝑚𝑠2ℎ𝑘2𝑓𝛿cos𝛿
𝜙̈ = 𝑈(𝑚2 ℎ2−𝑚𝐼 ) 𝑣 + 𝑈(𝑚2 ℎ2 −𝑚𝐼 ) 𝑟 + (𝑚2 ℎ2−𝑚𝐼
𝜙
+
𝜙
2
2
)
(𝑚 ℎ −𝑚𝐼 )
(𝑚 ℎ −𝑚𝐼 )
𝑠

𝑥
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It should be noted that above equations have been found by linearizing the equations of motion i.e. sin 𝜙 =
𝜙. Steady state lateral velocity, V, steady state yaw rate, R and roll angle, P are found by imposing following
conditions
𝑣̇ = 0; 𝑟̇ = 0; 𝜙̇ = 0; 𝜙̈ = 0
to give
𝑉=

𝑅=

𝑃=

(−2𝑘𝑟 𝑚𝑠 𝑔ℎ𝑏𝐿 + 𝑎𝑚𝑈2 (𝑚𝑠 𝑔ℎ − 𝑘 ) + 2𝑘𝑟 𝑘𝑏𝐿)𝑘𝑓 𝛿cos𝛿 𝑈

(11)

(𝑘 − 𝑚𝑠 𝑔ℎ)[2𝑘𝑟 𝑘𝑓 𝑐𝑜𝑠𝛿 (𝑎2 + 𝑏2 ) + 4𝑎𝑘𝑟 𝑘𝑓 𝑏cos𝛿 + 𝑚𝑈2 (2𝑏𝑘𝑟 − 𝑎𝑘𝑓 cos𝛿)]
−2(𝑚𝑠 𝑔ℎ − 𝑘)𝑈𝑘𝑓 𝛿cos𝛿𝑘𝑟 𝐿
[2𝑘𝑓 𝑘𝑟 cos𝛿𝐿2 − 𝑚𝑈2 𝑎𝑘𝑓 cos𝛿 + 2𝑚𝑈2 𝑏𝑘𝑟 ]
2𝑚𝑠 ℎ𝑈2 𝑘𝑓 cos𝛿𝛿𝑘𝑟 𝐿
(𝑘 − 𝑚𝑠 𝑔ℎ)[2𝑘𝑓 𝑘𝑟 cos𝛿𝐿2 + 𝑚𝑈2 𝑎𝑘𝑓 cos𝛿 + 2𝑚𝑈2 𝑏𝑘𝑟 ]

3.2

(12)

(13)

Rollover Condition

During cornering a turn, the load on the inner tire transfers to the outer tires. When the load on the inner
tires reduces to zero, the inner wheels are not able to maintain contact with the road and start lifting. This
condition can be defined as the beginning of vehicle rollover. Therefore the vehicle does not rollover as
long as, (Figure 1)
𝐹𝐿 =

𝑇
𝐼𝑥 𝜙̈ − 𝑚𝑠 𝐻𝑎𝑦 + 𝑚𝑠 𝑔 (2 − ℎ𝜙)
𝑇

>0

(14)

For steady state condition, the above gives
𝑎𝑦
𝑇
ℎ𝑃
<
−
𝑔
2𝐻 𝐻

(15)

Substituting equation 13 in equation 15, we get
𝐷𝑆𝐹 =

𝑎𝑦
2𝑚𝑠 ℎ2 𝑈2 𝑘𝑓 cos𝛿𝛿𝑘𝑟 𝐿
𝑇
=
−
𝑔
2𝐻 (𝑘 − 𝑚𝑠 𝑔ℎ)[2𝑘𝑓 𝑘𝑟 cos𝛿𝐿2 + 𝑚𝑈2 𝑎𝑘𝑓 cos𝛿 + 2𝑚𝑈2 𝑏𝑘𝑟 ]𝐻

(16)

The maximum allowable lateral acceleration in equation 16 is deﬁned as the Dynamic Stability Factor
𝑇
(DSF). It can be readily seen that DSF is always less than SSF (= 2𝐻, [5]).
3.3

Handling Diagrams for Prediction of Vehicle Sliding

Handling diagram is the plot between lateral acceleration and the slip angle. The slope of this plot is
indicative of the understeer, oversteer or neutral steer behaviour of the vehicle [9] - [11]. The slope of the
handling diagram is termed as understeer coefﬁcient (K). Lateral sliding of the vehicle is likely to occur
when vehicle changes its steering response from oversteer condition to understeer condition or vice versa.
The change in the sense of the slope of the handling diagram, from positive to negative or vice versa, can
be considered that as the onset of sliding.
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4.

SIMULATION

The non linear dynamic equations 1, 2 and 3 are solved numerically. Steering input has been taken as a ramp
step (Figure 3), where the steering angle increases linearly for 2 seconds and then remains constant at 10
degrees (or 0.1745 radians). Both linear and non-linear tire models are used and their results are compared.
The effects of various vehicle parameters on rollover stability of vehicle are discussed and the stability
boundaries are drawn. Also, the nonlinear tire model at various terrain friction coefficient values are
investigated for rollover and lateral sliding stability.

Figure 3: Ramp step steering input, steering angle δ (in radians) vs. Time t (in seconds)
4.1

Rollover instability

For steady state case with a steering angle of 10 degrees, the critical forward speed is found (using equation
16) to be 10.3 m/s for the vehicle parameters as reported by Gawade et al [12] (see Appendix for parameter
values). Figure 4 shows the variation of lateral acceleration with time for the TWV at a forward velocity U
of 10.4 m/s. It can be seen that DSF predicts rollover, while SSF does not. Figure 5 shows the comparison
between DSF and SSF for various values of ‘a’. It can be readily seen that the SSF is independent of ‘a’.
Figure 6 shows the variation of DSF and SSF with ‘H’. The DSF value is less than SSF for all values of ‘H’.
Similarly, Figure 7 shows the variation of DSF and SSF with the track width ‘T’. Figure 8 illustrates the
effect of steering angle on DSF. It can be seen that the SSF remains constant with increasing steering angle
while DSF reduces with increase in steering angle. Figure 9 shows the variation of DSF and SSF with the
sprung mass (ms). Figure 10 illustrates the effect of the ratio of cornering stiffness of tires (λ = 𝑘𝑓 /𝑘𝑟 ) with
rollover stability of the vehicle. It can be readily seen from Figure 10 that the increase in λ after 1.4, results
in sudden reduction in the allowable lateral acceleration.
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Figure 4: ay (in g) vs. time (in seconds) at U=10.4 m/s

Figure 5: Critical ay (in g) vs. ‘a’(in meters)
4.2

Sliding Instability

The non-linear Magic tire model is used [10] to study the sliding mode instability of the TWV. The response
is numerically simulated and Handling Diagrams are constructed for prediction of vehicle sliding. It should
be noted that Magic tire model incorporates the effect of terrain friction, µ which is a major factor
responsible for vehicle sliding. Handling Diagrams for various µ values are drawn here and the limiting
forward velocities of the TWV are obtained.
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Figure 6: Critical ay (in g) vs. ‘H’

Figure 7: Critical ay (in g) vs. ‘T’
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Figure 8: Critical ay (in g) vs. ‘δ’

Figure 9 : Critical ay (in g) vs. ‘ms’
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Figure 10: Critical ay (in g) vs. ‘λ’

Influence of terrain friction
Figure 11 shows the handling diagram for the vehicle at terrain friction coefﬁcient of 0.8 at a forward
velocity of 6 m/s. From the handling diagram it is clear that the vehicle remains in neutral steer condition
initially (the initial positive slope is negligible and does not effect steering response, hence it can be
considered as neutral steer). It then changes to oversteer condition and thereafter remains in oversteer
condition. Hence vehicle under these conditions does not slide laterally.
Figure 12 shows the handling diagram at a forward speed of 7 m/s. The vehicle is initially in neutral steer
condition but later on changes to oversteer condition and thereafter changes to understeer mode. Hence the
vehicle would slide laterally and is thus considered to be unstable. It is evident from the plot that the vehicle
would slide laterally for a forward speed value somewhere in between 6 m/s and 7 m/s. Taking a
conservative stand, we can consider limiting velocity (i.e. the maximum velocity below which the vehicle
would not slide laterally) as 6 m/s.
Figure 13, 14 and 15 show the handling diagram plot for µ = 0.9 and forward speeds of 6 m/s, 7 m/s and 8
m/s respectively. It is evident from the plot that the vehicle would slide laterally for a forward speed value
somewhere in between 7 m/s and 8 m/s. Figure 16, 17 and 18 show the handling diagram for µ = 1.0 and
forward speeds of 7 m/s, 7.5 m/s and 8 m/s. It is evident that the limiting velocity in this case is 7.5 m/s.
Table 1 shows the value of limiting forward speed for various µ values. It is also inferred that the critical
value of µ above which rollover occurs is 1.4, i.e. at terrain friction values lower than 1.4, the vehicle would
slide laterally and for terrain friction values higher than 1.4, the vehicle would directly get into rollover
mode instability.
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Figure11: Handling diagram at µ = 0.8 and U = 6 m/s, ay vs. slip angle

Figure 12: Handling diagram at µ = 0.8 and U=7 m/s, ay vs. slip angle
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Figure 13: Handling diagram at µ = 0.9 and U = 6 m/s, ay (in m/s2) vs. slip angle

Figure 14: Handling diagram at µ = 0.9 and U = 7 m/s, ay vs. slip angle
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Figure 15: Handling diagram at µ = 0.9 and U = 8 m/s, ay vs. slip angle

Figure 16: Handling diagram at µ = 1 and U =7 m/s, ay vs. slip angle
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Figure 17: Handling diagram at µ = 1 and U = 7.5 m/s, ay vs. slip angle

Figure: 18 Handling diagram at µ =1 and U = 8 m/s, ay vs. slip angle
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Table 1: Limiting forward velocity values for various µ
Terrain Friction Limiting forward Velocity
µ
U (m/s)
0.8
6.0
0.9
7.0
1.0
7.5
1.1
8.0
1.2
9.0
1.3
9.5
1.4
10.0
CONCLUSION
A three degree of freedom TWV model is used for analyzing rollover and lateral sliding of TWV. The
Dynamic Stability Factor (DSF) for a TWV is formulated and critical lateral acceleration and critical
forward velocity is found. It is shown that DSF predicts vehicle rollover more accurately than Static Stability
Factor (SSF) for a ramp step steering input. Inﬂuence of various parameters like the height of the CG from
the ground level, distance of CG from the front axle, steering angle, track width, sprung mass of the vehicle,
ratio of cornering stiffness of the front and rear tires and terrain friction on the vehicle rollover stability have
been analyzed. Using Non-Linear Magic tire model, lateral sliding mode of instability of the TWV is also
studied. It is observed that at lower terrain friction values the critical forward velocity (for vehicle lateral
sliding) is much lower than that predicted for rollover. The limiting value of terrain friction coefficient
below which the TWV shows lateral sliding and above which it is prone to rollover has been obtained.
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APPENDIX: VEHICLE PARAMETERS [12]
Parameter Value
Unit
m
403.87
kg
ms
325
kg
a
1.35
m
b
0.65
m
L
2
M
T
1.15
m
h
0.30
m
H
0.62
m
δ
10
deg
g
9.81
m/s2
Ix
80.64
kg-m2
Iz
178.54
kg-m2
k
30000 N m/rad
c
2000 N ms/rad
kf
3885
N/rad
kr
4050
N/rad
Table 2: Parameter values for the TWV
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