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Abstract: The planarity impression is broadened to Directed Hypergraphs (DHGs) in this work. Generalized digraphs are 

termed DHGs, which are second-handed to make binary relations amongst subsets of a provided set. It is established that a 

digraph’s planarity depends on the planarity of its fundamental graph. Nevertheless, this property does not concern for DHGs; 

thus, an original advance, which generalizes the standard conception, is offered here. It is also illustrated that the respective 

DHG’s complexity as planar is linear on the Hypergraph’s (HG ) quantity. 
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INTRODUCTION 

The planarity model is proliferated to DHGs. For various types of addition, which were previously 

utilized for digraphs, a probable hypothetical advance has been obtained. It was recognized that the 

digraph’s planarity is reliant on the planarity of its underlying graph. A novel advance has been offered 

for DHGs since the identical logic does not apply to them. Furthermore, numerous significant definitions 

of DHGs, in addition, HG illustrations are provided. Here, the HG planarity idea is reviewed; also, the 

bound for a case is obtained; thus, showing that the prior impacts are detailed suitcases of an additional 

common notion. Johnson, as well as Poltak, considered the HGs’ planarity. 

1.1. Definition  

A DHG H= (V, A) is a pair in which Vis a finite set of vertices along with A is a set of Hyperarcs (HAs). 

A HA a ∈ A is an ordered pair (X, Y); here, X as well as Y is disjoint, V’s non-empty subsets. Set X (Y) 

is termed the A’s origin (destination); moreover, it is specified as Org(a) (Dest(a)). DHG H = (V, A) 

devoid of isolated vertices has size |H| = Σa= (X,Y)∈A |X| + |Y|. An instance of a DHG H = (V, A) is 

exhibited in figure 1. 
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Figure 1 – DHG H= (V,A). 
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Every single HA is pondered as a set rather than a pair of sets in the HGs’ undirected version and it is 

termed hyperedge. 

1.2. Definition  

H= (V, A) is considered as a DHG. The H’s underlying HG is the HG Hu = (V, Au); here, for every single 

HA a = (X, Y) ∈ A there is a hyperedge e = X ∪ Y ∈ Au; similarly, every single hyperedge of Hu 

possess a respective HA in H. 

 

1.3. Definition  

H= (V, A) is regarded as DHG. 

1. If every HA a ∈ A is that |Dest(a)| = 1 then H is termed a B-graph; 

2. If every HA a ∈ A is that |Org(a)| = 1 then H is mentioned as a F-graph; 

3. If every HA a ∈ A is that |Dest(a)| = 1 or |Org(a)| = 1 then H is proffered as BF-graph. 

A specific case of BF-graphs is proffered as digraph in which |Org(a)| = 1, in addition, |Dest(a)| = 1 

meant for the entire arcs. The HAs can be drawn as ‘2’ sets linked by lines, thus, the edge standard is 

chosen as the finest option for DHGs. Indeed, almost all papers pertinent to the subject utilize this 

pictorial representation. 

2.  Directed Hypergraph Planarity 

 

Johnson & Pollak (1987) studied the planarity of (undirected) HGs; moreover, presented ‘3’ techniques 

of planarity. The first model, which is centered on Zycov planarity, is extremely suitable in favor of the 

edge standard. The other ‘2’ approaches are pertinent to the subset standard since they are centered on 

Venn diagrams. An arbitrary HG’s Hyperedge-centric along with vertex-centric Venn diagrams is 

proffered. Hyperedge-planar as well as vertex-planar HGs’ definitions are supported by these new 

conceptions. Furthermore, it is also established that the ‘2’ problems namely the Hyperedge-centric Venn 

diagram and Vertex-centered Venn diagram are NP-complete. Thus, regarding planarity conceptions, 

these extensions are primarily of theoretical interest. With an effectually testable condition, a new 

conception of planarity of DHGs was presented by selecting the first approach. 

 

In Zykov planarity, with planar subdivision’s faces, the hyperedges are associated. The HG is considered 

as H = (V, E). V’s every single vertex is specified by a vertex; similarly, every single hyperedge is 

signified by the planar map’s face. 

2.1. Definition  

If the Bipartite Graph (BG) HB= (U, F) is planar then the HG H= (V,E) is Zykov-planar; in this, U = V ∪ 

E and F = {{v, e} | e ∈ E and v ∈ e}. 

 

The BG’s HB planar representation was proffered as the planar subdivision’s refinement that was utilized 

on the actual definition as of Zykov. The vertices, which denote the hyperedges, are drawn within the 

faces. 
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The identification of a HG H = (V, E) as a Zykov-planar HG is similar to the detection of the BG HB = 

(U, F) as a planar graph; furthermore, it is performed in linear time. It is significant to establish that under 

Definition 2.1, an ordinary graph is planar only if it is planar in the ordinary sense. Therefore, for the 

HGs, the Zykov planarity is regarded as the planarity concept’s true generalization. 

 

As stated earlier, verifying the digraph’s planarity is similar to the verification done to the underlying 

graph’s planarity. Thus, it is better if the solution provided could be extended to DHGs also. Regrettably, 

owing to the vertice’s imposed partition, which proffered a HA, the aforementioned extension is not 

feasible. A counter-example is exhibited in figure 3.1, that is, without crossing edges, the DHG H cannot 

be drawn; however, its underlying HG Hu is planar. (To wield Definition 4, the bipartite planar graph is 

constructed, which is presented in figure 2 (b)). 
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Figure 3.1 – DHG H is not planar. 

 

Therefore, when drawn in the plane, the vertices, which proffer a HA, must be grouped. To specify the 

HA, a solution, which forces grouping to occur, is obtained in which rather than just one, two vertices are 

utilized. Amongst these vertices, one is utilized to set the origin whereas the other is utilized to cluster the 

HA’s destination. This methodology is exhibited in figure 3. 
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Figure 3.2– Grouping HA’s origin as well as destination. 

 

Now, the DHG planarity is proffered. Initially, a new transformation of the DHG should be defined. 
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2.2. Definition  

H= (V, A) is considered as a DHG. The structure graph related to H is the digraph HS = (V ∪U, B); in 

this, U = A × {1,2}, and the U’s elements symbolized as ai, with a ∈ A along with i = 1, 2; B = BO∪ 

BD∪ {(a1, a2) | a ∈ A}, here, BO along with BD are demonstrated as, 

BO = {(v, a1) | a ∈ A as well as v ∈ Org(a)},  

BD = {(a2, v) | a ∈ A as well as v ∈ Dest(a)}. 

 

2.3. Definition (Planarity).  

If the DHG’s structure graph HS is planar then the DHG H will be planar. The DHG H is exhibited in 

figure 4 (a). The underlying graph (H S)u of the structure graph HS related to H is depicted in figure 4 (b); 

this clearly shows that H is not planar as it is homeomorphic to K3,3. 
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Figure 3.3 – H and (HS)u. 

Now, the relation amid this conception of planarity together with the Zykov planarity is determined. 

Specified a graph G = (V, E), where, the process of eliminating e = (x, y) ∈ E as of G, in addition, 

detecting x and y is proffered as edge contraction; here, every edge (other than (x, y)) formerly incident 

to either x or y turns into the incident to xy. It is established that the planarity is preserved by this 

operation, that is to say, the contracted graph obtained with be planar if G is planar. 

3.1. Theorem  

H= (V, A) is considered as a DHG. The H’s underlying HG is Zykov-planar of H is planar. 

Proof: If H is planar then HS, the structure graph pertinent to H, is planar along with its underlying graph 

(HS)u is also planar. Let the BG of Definition 2.1 be HB, which is implemented to Hu, the underlying HG 

of H. Let a be a HA of H; (a1, a2) is an edge of (HS)u. The contraction of every single edge creates a new 

graph, isomorphic to HB. If (H S)u is planar then HB is also planar as the contraction preserves planarity. 

Lastly, as per Definition 2.1, the underlying HG of H is Zykov-planar as HB is planar. 

 

3.2. Theorem 

Consider H as BF-graph. The H is planar only if its underlying HG is Zykov-planar. 

Proof: Every HA a of H has |Org(a)| = 1 or |Dest(a)| = 1. It is assumed that devoid of generality loss, the 

HA a possess merely one vertex at its destination. 
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As per Definition 6, whilst constructing H S), vertex a2 possess degree 2 (as in Figure 2.4). It should be 

recognized if (HS)u is planar. A single edge replaces vertex a2 along with its incident edges. On all 

vertices with degree 2 engendered by the H’s HAs, the same operation is executed. Conversely, a 

homeomorphic graph is constructed with a lesser number of vertices. Following these operations, the 

graph obtained is isomorphic to HB. Thus, (HS)u is homeomorphic to HB. HS is planar if HB is planar since 

homeomorphism doesn’t interfere with planarity. Accordingly, H is planar only if its underlying HG is 

Zykov-planar. 
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Figure 2.4 – The transformation of a HA with one vertex as destination 

 

3.3. Theorem  

Let H= (V, A) be a DHG. Then the time required to verify the H’s planarity is O(|H|). 

Proof: Let H= (V, A) be a DHG. The number of vertices of HS, nS, is equivalent to |V| + 2 |A|. If |V| ≤ |H| 

as well as 2|A| ≤ |H|, then nS ≤ 2|H|. 

 

As the structure graph’s HS construction is carried out in linear time in the size HG (|H|), in addition, 

testing the digraph’s planarity is performed in linear time on the number of vertices (nS), the test if a 

DHG is planar could be carried out in linear time on its size (O(|H|)).  

 

CONCLUSION 

 Consequently, it is concluded that DHGs are the simplification of directed graphs; in addition, 

they could form binary associations amongst the provided set’s subsets. The study of theoretical along 

with algorithmic problems pertinent to this domain is renowned as graph drawing, which is a domain of 

mounting attention with various significant publications. 
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